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Prediction of Rocket Exhaust Flowfields

RoGeRr J. RE1s,* Pat J. AvcoiN,} axp R. Cart StecHMANT
The Marquardt Company, CCI Corporation, Van Nuys, Calif.

A numerical method has been developed for determining the flowfield characteristics of a
rocket exhaust plume. It employs the method of characteristics and includes the effects of

the nozzle boundary layer, coalescence shock, and nonisentropic flow. Analytical procedures
are used which resull in elimination of many of the time-consuming namerical procedures
previously associated with the solution of the characteristic equations for a rotational flowfield.
Comparisons of the computed results with test data obtained from various sources indicate
this method will accurately predict the flowfield of a rocket engine exhaust. A 1-lb-thrust,
monopropellant rocket plume boundary calculated by this method, including the effect of the
nozzle boundary layer, showed good agreement with the experimentally determined boundary.

Nomenclature
a = local speed of sound
Cp = specific heat at constant pressure
Cy = specific heat at constant volume
M = Mach number
m = molecular weight, slope
P = pressure
q = (u? + p?)l2
R = universal gas constant
S = entropy
T = temperature
u = velocity
Y, = coordinates in z-y space
v = ratio of specific heats
3 = angle between entering and exit streamline
€ = 0 for two-dimensional case, 1 for axisymmetrical case
M = | {o streamline direction
¢ = flow angle (measured counter clockwise from X axis)
£ = streamline direction
o = density
T = angle of inclination of the shock entering streamline
Subscripts
1,J = local conditions
T = total conditions
US,DS = upstream, downstream
SE = streamline intersect

Introduction

HE expansion of an underexpanded rocket exhaust plume

(Fig. 1) is determined by the difference between the static
pressure at the nozzle exit and the ambient static pressure.
For exhaust into the near absolute vacuum in space even the
vapor pressure of the propellants will cause large expansive
plumes, which may interact with the vehicle, introducing
aerodynamic forces and heat-transfer effects. Degradation
of the vehicle surface may result, and the plume may cause
electrostatic and electromagnetic radiation effects, ineluding
the attenuation of radio signals and reflection of radar signals.
Finally, during pulse operations the residual propellants
emptying from the injector after each firing can be entrained

Presented as Paper 69-569 at the AIAA 5th Propulsion Joint
Specialist Conference, U.S. Air Force Academy, Colo., June
9-13, 1969; submitted June 9, 1969; revision received October
16, 1969.

* Member of the Advanced Technical Staff, Rocket Systems
Division.

1 Special Member of the Advanced Technical Staff, APL Com-
puting Services Division.

1 Manager, Development Engineering, Propulsion Division.
Member ATAA.

and blown out with the exhaust products. These effecis
must be taken into account during the design of the vehicle.
An accurate representation of the plume flowfield is required.
Plume flowfields may be divided into two general categories:
“vacuum plumes” and “high-altitude plumes.”

Analytically, the vacuum plume consists of several distinet
regions. The first region is between the nozzle exit and the
last 2D or Prandtl-Meyer expansion wave. This region is
isentropic if the mitial flow is isentropic and contains the
Prandtl-Meyer turning region. Further downstream, the
field contains waves reflected from the boundary. These re-
flected waves become more inclined and coalesce into a shock
wave (Fig. 1), which is caused by the curvature of the bound-
ary. As the boundary curves, the shock becomes stronger
and eventually results in a shock triple point with the re-
sulting formation of a Mach disk. The flow behind the
Mach disk is subsonic and essentially a turbulent wake. The
flow between the coalescent shock and the boundary is
rotational.

For rocket engines with boundary layers and film cooling,
the flow entrained outside of the central core within the nozzle
can amount to 209, or more of the total flow. The initial
conditions at the nozzle exit cannot be assumed isentropic,
and the entire plume field is rotational. The lower exit Mach
number near the walls of the nozzle will result in a higher
initial turning angle and a more expansive plume. Conden-
sation shocks or shocks associated with “Rao” type nozzles
will also reduce the exit Mach number and increase the initial
expansion.

High-altitude plume acts as 2 large blunt body and ereates
a flowfield much like a re-entry vehicle (Fig. 2). The plume
contains a mixing zone between the rocket gases and the
ambient air in the initial blunt-body bow shock. This com-
bined flowfield may be determined by first calculating the
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Fig. 1 Typical rocket exhaust plume.
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Fig. 2 Typical high-altitude plume flowfield.

“vacuum” plume for some constant finite back pressure.
For an initial approximation the pressure behind a hypersonic
normal shock at the vehicle conditions would be used. The
resulting plume would then be used as a blunt-body profile to
calculate the shape of the bow shock, and the Newtonian
surface pressure. This pressure profile is then used to recal-
culate the “vacuum” plume and the process is repeated until
the process converges. The mixing zone is calculated using
standard boundary-layer theory. Napolitano! has shown
good results for plumes at lower altitudes using this method.
The interaction of the hypersonic bow shock and mixing layer
does not materially alter the shape near the vehicle of the
“vacuum’ plume generated at some back pressure related to
the Newtonian pressure distribution. Tor the case of local
vehicle impingement, the detailed calculation deseribed pre-
viously need not be carried out.

Flowfield Determination

The problem relative to calculating the “vacuum” plume
flowfield is whether or not the continuum flow equations will
describe the flow. The Knudsen number (the ratio of the
mean free path to some characteristic length) is used as the
indicator of the flow regime. Free molecular flow is defined
ag the region where the Knudsen number is greater than 10.
For Knudsen numbers between 10 and 0.01 the flow is in a
region not clearly understood, and is referred to as the tran-
sition regime.  Boundary-layer calculations and other surface
calculations may not be valid in this region due to the slip
effect of the molecules relative to the surface in question.
Koga,? using the Chapman-Enskog method to derive the
Navier-Stokes equations from the Boltzmann equation, indi-
cates that the Navier-Stokes equations are valid in this region.
Thus, the continuum equation would be valid in the plume
field for values of the Knudsen number near 1. Using the
plume diameter as the reference length, calculations have been
made to evaluate the Knudsen number for typical flowfields.
Probstein® showed the free molecular flow region for a 2-ft-
diam re-entry sphere to be above 90 miles. The maximum
plume diameter may be in the order of 800 nozzle diameters,
or more for high-altitude plumes. Thus, the use of the con-
tinuum flow equations can be considered valid.

Using Ref. 3 to ascertain mean free path and Vick? to
estimate maximum boundary radius, typical Knudsen num-
bers for a 100-Ib-thrust rocket engine are shown in Table 1.
As shown, no difficulty would be expected with the use of the
continuum equation for the determination of space plumes.
Work done by Yoshihara,® Koga,? and Cassanova et al.b
further bear out these assumptions. References 1 and 7 in-
cluded calculations of plume flowfields with large boundary
Mach numbers and showed the validity of the continuum
caleulations. The continued validity of the econtinuum
caleulations at higher and higher Mach numbers is the result
of the flow approximating pure source flow in the far field.
The expression for the zone of influence in the continuum flow
reaction is sin~!(a/u), where u is the flow speed, and «a is the

J. SPACECRAFT

local speed of sound, (vRT/m)™2.  For the kinetic case, the
expression is sin™? (u:/u), where u is again the flow speed, and
() 1s the local molecular speed (8RT/rmm)'/%  The expres-
sions are almost identical, except for the constant. It is of
interest to note that the value of v will vary as various energy
modes reach equilibrium or freeze at a given temperature.
This no doubt explains the smooth transition from continuum
flow to free molecular flow.

Two general methods are used for deseribing plume fields.
The first uses a source flow solution with some form of per-
turbation series to deseribe the flowfield. This method yields
adequate results in the far field but suffers from lack of detail
in the near field where impingement is likely. As with all
approximate solutions, an excessive number of terms may be
required for accurate determination of the field. These
methods are based on the irrotational flow assumptions and
thus do not accurately describe the embedded shock due to
boundary curvature or the nonisentropic nature of the nozzle
exhaust gases. The second method for the determination of
flowfields is the method of characteristics. Love et al.” Vick
et al.* and Cassanova et al.5 have presented irrotational
methods of characteristics to calculate plumes. They use
various methods for handling the numerical difficulties near the
axis and for handling the crossing of characteristic lines of the
same family resulting from the coalescence shock. How-
ever, these methods do not accurately represent the coales-
cence shock, predict the location of the shock triple point,
or handle nonisentropic starting lines. The method of char-
acteristics is an exact solution to the nonlinear set of differ-
ential equations deseribing the flow. It results in high reso-
lution and detail in the near field for cases where the starting
line is nearly isentropic as is the case for reasonably large
well designed nozzles using air. Viek et al.* show many
schlieren photos superimposed with calculated boundaries;
a loss in accuracy can be seen at points downstream where
the shock has gained appreciable strength.

Since the methods of characteristics gives good results, with
the exception noted previously, a method-of-characteristics
computer program which incorporates the properties of a
rotational flowfield and changing chemical ecomposition was
developed.

Analytical Methods

The principal advantages of the procedures developed are:
1) the method of characteristics provides an aceurate solution
with high resolution in the near flowfield, 2) the rotational
nature of the procedure allows caleulation of the embedded
shocks, 3) the initial condition may be nonisentropic, 4) the
effect of chemical equilibrium (in terms of variable gamma)
may be included, and 5) the procedures provide an optimum
computer program in terms of accuracy and caleulation time,
while containing few areas of complex numerical methods.

Finite-Difference Equations for Characteristics of
Nonisentropie Irrotational Flow—No shocks

The plume flowfield is caleulated by applying the following
finite-difference equations (derived from the flow equation
characteristics, Shapiro®) to the points 7 4+ 1 and 7 where flow

Table 1 Typical Knudsen numbers for
high-altitude plumes

Nozzle
Exit radius, Knudsen
Pexit/Py Altitude in. number
157,895 300,000 ft 3.0 2.6 X 1074
2 X 107 150 miles 3.0 1
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characteristics are known;
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(10)
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These equations are solved to determine the location and
properties of point j as shown in Fig. 3. (The properties at
sk can be obtained by linear interpolation from those at points
i and ¢ 4 1.) Equation (1) represents the left Mach line;
Eq. (2), the right Mach line. Equation (7) is the compatibility
equation corresponding to the left Mach line, and Eq. (8)
corresponds to the right line. Equations (9) and (10) hold
along the streamline.

Shock Equations

The method of characteristics does not aceurately represent
the flowfield in the neighborhood of a shock; the computer
program detects a shock by testing successive iterations.
When coalescence is detected, the program constructs the
shock based on the following equations:

Pusus SING = ppyp, sin(oc — 6) (12)

UPSTREAM
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Fig. 5 Flowfield construction.

Qus €OSOT = (p5 c0s(e — 0) (13}

Pys — pps = ppsyps® sin?(e — 0) — prsqus® sin o (14)

Tus
2 [y el )T = 4 — s (15)
Tps

If ¢,(T) is assumed to be a linear function of temperature
across the shock, Eq. (15) can be replaced by

2p0(Trs — Ths) = Gus® — qug® (157)

where ¢,,, 13 the specific heat at the mean temperature across
the shock, (Tys + T,5)/2. These equations represent the
shock as shown in Fig. 4. (Note that 8,5 = 6,5 -+ 6.)

The shock equations and finite-difference characteristic
functions completely describe the flowfield; when the charac-
teristic functions become discontinuous at a shock, the sheek
equation calculates the properties upstream of the shock.
[For weak shocks—(Ppy — Pps)/Pps < 1, 1.e., isentropic—
the equations simplify and a table of T vs M vs P/P, vs ¢ is
used to reduce solution time.]

Calculation Procedure and Program Features

The computer program generates the exhaust flowfield
in the following manuer (see Fig. 5).

1) If the initial line is not a left line, a starting left line is
constructed from the initial line data. The construction is
based on successive intersections of left- and right-line seg~
ments.

2) The Prandtl-Meyer flow region, consisting of a fan of
left lines originating at the Prandtl-Mayer point, is con-
structed. Every Nth left line is stored for future use as part.
of the upstream flowfield in the shock construction to follow,
where N is an input (typically equal to 3 or 4). If it is an-
ticipated that the shock will not invade the Prandtl-Meyer
region, N can be set to a large number such as 30 or 40.

3) The jet streamline is constructed by intersecting the jet
streamline segment with a right-line segment until the ex-
ternal pressure field bends it back enough to cause left-line
coalescence. Every NJth left line is stored (NJ input).
The coalescence is determined and the point of eoalescence is
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Fig. 6 Two-dimensional plume, comparison of analyticak
methods.
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the beginning of the shock. At this point the shock has zero
strength.

4) The shoek is then constructed.  Each successive left line
from now on, beginning at the jet streamline, will end on a
shock segment.

The program can analyze two-dimensional or axisym-
metric low.  The Prandtl-Meyer turning is set up so that the
left lines in the fan are uniformly spread; this is done by
making AP decrease as P decreases.  If an error oceurs in an
arithmetic subroutine, a new point is inserted in the previous
left line, and the cwrrent line is recaleulated.  If an error then
oceurs at the same index number, a first-order correction
technique 1= used to insure reasonable results.  These actions
are displayed n the output. The point addition is used to
compensate where necessary for the line spreading troubles
associated with axisymmetric plume calculations. When a
shock segment iz built, a new point is added if the shock seg-
ment 13 relatively longer than the spreading of adjacent
Mach line segments.  The density of information for the up-
stream flowfield storage is under user control. A considerable
reduction in run time is possible if the initial line is isentropie.
Also, the relative numerical error level is under user control.
The flowfield may be truncated along a right line reflected
from the centerline or at a fixed value of z, downstream. For
right-line truncation both these features may be used vielding
a flowtield shaped ax below. This reduces the problem of net
spreading far downstreamm near the centerline and decreases
run time.

Results

Figure 6 shows the excellent agreement between results ob-
tained from the computer solution and those calculated by
the method of characteristies? for the case of a two-dimen-
sional plume.

CALCULATED
BOUNDARY —-ni.

i L
\ % iy z i
CALCULATED » / '
SROCK WAVE

Fig. 8 Axisymmetrical plume flowfield, comparison of
schlieren with analytical results.
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Fig. 9 Comparison of plume boundary with and without
nozzle boundary layer.

Results for various axisymmetrical flowfields were com-
pared to those of other studies. A comparison was made with
a plume boundary presented by Love? (Fig. 7). Again, the
excellent agreement indicates the validity of the procedures.
Computed features are compared with those in a schlieren
photograph of a high-altitude plume from the work of Vick
et al.*in Fig. 8. The excellent agreement for both the bound-
ary and the embedded shock in this figure is due to the exact
solution provided by the rotational equation in the region of
the shock and boundary.

The analytical methods were used to generate a plume for
a 1-lb-thrust, monopropellant rocket engine. Due to the
small size of the nozzle, the boundary layer was expected to
affect the size and shape of the plume. The plume was gen-
erated both considering the effect of the boundary layer and
without considering the boundary layer. The results (Fig. 9)
were compared with tests conducted in a Marquardt vacuum
test facility.® The results clearly define the jet boundary
and shock. The agreement of the jet boundary, which
includes boundary-layer flow with the experimental plumo
indicates the significance of the boundary-layer flow in the
determination of the plume flowfields for small rocket engines.
This particular plume was determined with relative case when
compared to the previous methods which required a sig-
nificant amount of computer time.

Conclusions

A numerical method was developed which accurately de-
termines the rocket exhaust flowfield and can include the
effects due to boundary layer, shock waves, and nonisentropic
flow. The computer program includes analytical procedures
which eliminate the time-consuming procedures previously
associated with the solution of the characteristic equation for
a rotational flowfield. Comparisons of computed results
with test data indicate that this new technique provides ac-
curate predictions.
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Swirling Flow through a Nozzle
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This paper presents the results of an experimental investigation of swirling flow through a

nozzle.
produced by nozzled devices.
a cylindrical chamber wall.
miniature probes.
flow is examined by a shadowgraph.

Its purpose is Lo determine the effect of swirl on the flowfield, thrust and mass flow
Swirling flow is induced by injecting cold gas tangentially to
The internal flow characteristics are determined by use of
Liquid injection provides a means of flow visualization.

Nozzle exhaust

Thrust and mass flow rates are obtained for four swir!

conditions and related to axial flow theory and to Mager’s solution of isentropic swirling flow.

The results have implicalions with respect to performance of spinning roeket motors.

Nomenclature
Lo = total speed of sound
M, M; = mass flow and axial isentropie mass flow
PePoe = static and stagnation pressures in the chamber
o = stagnation pressure of inlet flow
I = radius of cylindrical chamber
r = radius of position in flowfield
re = radius of exbaust core measured at exit plane
Fe = radius of nozzle exit
r¥ = radiux of nozzle throat
76,70, = static and stagnation lempera{ures in the chamber
To = stagnation temperature of inlet flow
14 = tangential velocity in the chamber near the wall at
station 2
» = tangential velocity
o* = Mager's swirl parameter = RV[(y — 1)/2]V2/r*q,
% = ratio of specific heals (for air = 1.4)
Pe = static density in the chamber
Po = stagnation density of inlet flow

Introduction

WIRLING flow cceurs in many rockets (especially spin-
wJ stabilized rockets), jet engines, plasma jets (to stabilize
the are), vortex valves, industrial furnaces (vortex burners),
and cyelone separators.  Despite the intercst ereated by these
applications, the mechanics of swirling flow are not clearly
understood, especially with respect to the passage of the
flow through a nozazle.

Spin produees swirling flow within a solid-propellant rocket
motor (SRM) by imparting angular momentum to the gas

)
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evolving from the surface of the burning grain.  Because of
the conservation of angular momentum, the swirling motion
becomes very intense in the nozzle throat, as does the motion
of a spinuing iee skater who brings his arms down to inerease
his spiu. The axial movement of the gas is bapaired, so
that the effective throat area is reduced. The chamber
pressure will tend to increase becausce of the inability of the
nozzle to pass the mass generated in the SRM at a lower
pressure, resulting in a higher burning rate and, to satisfy
continuity relations, in a new and higher equilibrium oper-
ating pressure. The action of swirling flow on the burning
surface of the propellant can cause grain erosion aggravating
the situation.  These events coupled with the effect of cen-
irifugal foree on the combustion mechanism of the propellant
may cause the chamber pressure to exceed the structural
limils of the motor case, ending in catastrophic failure. In g
liquid-propellant rocket the effective throat constriction can
also result in significant changes in operating conditions,
unless a control system compensates for it.

To date, little information has been published on measured
effects of swirl upon mass flow and thrust. It is impractical
to probe the flow within an SRM rotating at 3000 to 20,000
rpm, and it is difficult to isolate the effect of swirling flow
through the nozzle. The method of inducing swirl used in
this research was injection of cold gas tangentially to a
cylindrical ¢chamber wall as in the vortex or Ranque-Hilsch
tube.!™%  This method of producing swirl was advantagesus
in that no moving parts were required, thus facilitating the
measurement of the internal flowfield. Although the proper-
ties of cold gas do not mateh the properties of the hot gasin a
rocket, and the character of the energy equation differs be-
tween cold and hot gas, the results provide a means for basic
understanding of swirling flow.

The nature of the vortex formed within the Ranque-Hilsch
tube is that of a free or potential vortex. One would also
expect this type of flow to be a characteristic of the flow
within an internal-burning SRM. The spinning of the pro-
pellant surface in an SRM imparts a tangential velocity to
the flow, whereas in the experimental apparatus the flow




